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Abstract 

In this paper, sharp two-sided estimates for the transition densities of relativistic a-stable 
processes with mass m G (0, 1] in C^'^ exterior open sets are estabhshed for all time t > Q. These 
transition densities are also the Dirichlet heat kernels of m — (m^/" — A)"/^ with m e (0, 1] 
in C^'^ exterior open sets. The estimates are uniform in m in the sense that the constants are 
independent of m e (0, 1]. As a corollary of our main result, we establish sharp two-sided Green 
function estimates for relativistic a-stable processes with mass m G (0, 1] in C^'^ exterior open 
sets. 
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1 Introduction 

Let d > 1 and a £ (0, 2). For any m > 0, a relativistic a-stable process X'" in with mass m is 
a Levy process with characteristic function given by 

E[exp(ie-(Xf -X™))] =exp(-t((|eP + m2/")"/2-m)) , ^(^R'^. (1.1) 

When m = 0, is simply a (rotationally) symmetric a-stable process in W^. The infinitesimal 
generator of X'^ is m — (— A -|- m^/")"/^. When a = 1, the infinitesimal generator reduces to the 
free relativistic Hamiltonian m — V— A -|- m^. There exists a huge literature on the properties of 
relativistic Hamiltonians (for example, see [3l [T71 [El [231 [S!]). Relativistic a-stable processes have 
been studied recently in[Ill[l5l[l8l[20l[2ll[22l[26]. 
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Recall that an open set D in (when d > 2) is said to be a (global) C^'^ open set if there 
exist a localization radius tq > and a constant Aq > such that for every z G 9-D, there 
exist a C^'i-function (j) = (l)z : M'^-i M satisfying 0(0) = 0, V(/)(0) = (0, . . . ,0), ||V0||oo < Ao, 
\V (l){x) — V (j){z)\ < Ao|x— z|, and an orthonormal coordinate system ?/ = (yi,--- ,yd~i,yd) ■= iv, Ud) 
such that B{z,rQ) Ci D = B{z,rQ) Ci {y : yd > 0(y)}- We call the pair (ro, Aq) the characteristics of 
the C^'^ open set D. By a C^'^ open set in M we mean an open set which can be expressed as the 
union of disjoint intervals so that the minimum of the lengths of all these intervals is positive and 
the minimum of the distances between these intervals is positive. Note that a C^'^ open set can be 
unbounded and disconnected. 

For an open set D C R'^, let X"^'^ be the subprocess of X"" killed upon exiting D. It is easy to 
see (cf. |14] ) that X™'^ has a jointly continuous transition density function p^{t, x, y) with respect 
to the Lebesgue measure on D. is also called the Dirichlet heat kernel of m — (— A + m^/")"/^!/) 
with zero exterior condition. 

A relativistic a-stable process is a discontinuous Markov process. Sharp estimates on the 
transition density functions of discontinuous Markov processes are of current research interests (see 
[B HI El m [71 ESI E] and the reference therein). Dirichlet heat kernel estimates for symmetric stable 
processes were first obtained in [8] on C^'^ open sets for t <1 and for all t > when the C^'^ open 
set is bounded. In [2], Dirichlet heat kernel estimates for symmetric stable processes for a large 
class of non-smooth open sets were obtained in terms of surviving probabilities. In |16j . global 
Dirichlet heat kernel estimates for symmetric stable processes are derived for C^'^ exterior open 
sets as well as for half-space-like open sets. The ideas of [8] have been adapted to establish sharp 
two-sided estimates for the Dirichlet heat kernels of other discontinuous Markov processes in open 
sets, see [9l 1101 fl^]. In particular, the following result is established in [101 Theorem 1.1]. In this 
paper, for any a, 6 G M, we use the notations a Ab := min{a, 6} and a\/ b := max{a, b}. 

Theorem 1.1 Suppose that a G (0,2) and D is a C^'^ open set in M'^ with C^'^ characteristics 
(ro, Aq). Let doix) be the Euclidean distance between x and D^. 

(i) For any M > and T > 0, there exists c\ = ci(d, a, tq, Aq, M, T) > 1 such that for any 

m G (0, M] and {t, x, y) G (0, T] x Z) x D, 

ciV sft )\ yft )\ 

<p'B{t,x,y) 

, . (i A M^) (1 A ^) (r^/- . 1^'^'^" ) . a.2) 

where (l){r) = e-'\l + ^^+0.-1)12^ 

(ii) Suppose in addition that D is bounded. For any M > and T > 0, there exists C2 = 
C2(d, a, ro, Aq, M, T, diam{D)) > 1 such that for any m G (0, M] and {t, x, y) G [T, 00) xDxD, 



where A"'"*' > is the smallest eigenvalue of the restriction of (rri^/" — A)"^/^ — m in D with 
zero exterior condition. 
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Note that, although the small time estimates on p^{t,x,y) in Theorem ll-lT i) are valid for all 
C^'^ open sets, the large time estimates in Theorem 11.1 H i) are only for bounded C^'^ open sets. As 
one sees for the case of symmetric a-stable processes in [16] , the large time heat kernel estimates for 
unbounded open sets are typically very different from that in the bounded open sets and depend 
on the geometry of the unbounded open sets. Sharp two-sided estimates on p'^{t,x,y) valid for all 
time t > have recently been established for half-space-like C^'^ open sets in [12] by using some 
ideas from [16]. The goal of this paper is to establish sharp two-sided estimates on p'^{t,x,y) for 
exterior C^'^ open sets that hold for all t > 0. 

Recall that an open set D in is called an exterior open set if D'^ is compact. For any 
m,h,c> 0, we define a function ^ d,a,m,b,c{t, x, y) on (0, oo) x R'' x M'^ by 

^ ^^U~''l^^ "^%':pl-'^^ whentG(0,&M], 

d,a,ra,b,c{t,x,y) :- | ^d/,„d/2^„d/2 |^ _ ^ | ^ )^ when t G (6/m, oo), 

(1.3) 

where 4>{f) = (l + r^*^^""^)/^) . The following is the main result of this paper. 

Theorem 1.2 Suppose that a e (0, 2), d > 3, Af > 0, & > 0, > and D is an exterior C^'^ 
open set in M'^ with C^'^ characteristics (ro,Ao) and D'^ C B{0,R). Then there are constants 
Ci = Ci{d, a, M, b, tq, Aq, R) > l,i = 1, 2, such that for every m £ (0, M], t > and (x, y) £ D x D, 

and 

pmx,y)>c^' (^lA-^^y ' (^1 A^M|)_y 

It is known (see Theorem 12.11 below) that there are constants C3 > 1 and C4 > 1 such that for 
ah m > and {t, x, y) G (0, 00) x M'^ x W^, 

C3 ^d,Q,m,l,l/c4(*; 2;, y) < p"^{t,X,y) < C^"^ d ,a,in,l,C4 

{t,x,y). (1.4) 

By integrating the sharp heat kernel estimates in Theorem 11.21 (with b = 1) over y £ D and using 
(jl.4p . one can easily conclude that there is a constant C5 = C5((i, a, M, tq, Aq, -R) > 1 so that for 
every m G (0, M], x £ D and t > 0, 

where = inf{t > : X™ ^ D}. We emphasize that the sharp heat kernel estimates in Theorem 
11.21 hold uniformly in m G (0,M]. Thus passing m 4, recovers the sharp heat kernel estimates for 
symmetric a-stable processes in exterior C^'^ open sets when dimension d> 3 that were previously 
obtained in [16]. (The estimates in [16] hold for every d > 2.) The large time upper bound estimate 
in Theorem 11.21 is quite easy to establish, which is given at the end of Section [2l The main task 
of this paper is to establish the large time lower bound estimate for p'^{t,x,y). Comparing with 
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the case of symmetric stable processes, due to the fact that the Levy densities of relativistic stable 
processes decay exponentially fast at infinity, the large time lower bound estimates for is much 
harder to establish. The reason that we assume o? > 3 in Theorem II. 21 is that, due to Chung- Fuck's 
recurrence criterion for Levy processes, relativistic stable processes are transient if and only if d > 3. 

Integrating the heat kernel estimates in Theorem 11.21 in t G (0, oo), one gets the following 
sharp two-sided Green function estimates of X"^ in exterior C^'^ open sets, which is uniform in 
m G (0,M]. 

Theorem 1.3 Suppose that d > 3, M > 0, R > and D is an exterior C^'^ open set in M.'^ with C^'^ 
characteristics (ro,Ao) and C B{0,R). Then there is a constant c = c{d, a, M,rQ, Aq, R) > 1 
such that for every m £ (0, M] and {x,y) £ D x D, 

^,l + {my-\x-y\r-- f^^^nixl_Y^' 5^ Y'^ 



F ~ y| V F ~ y| 1/ V F ~ yl 1 



rj. _ y\^d a \^ \x — y\ f\\ J \ |x — y| A 1 

Taking m J, 0, the estimates in Theorem 11.31 recover the sharp Green function estimates for 
symmetric a-stable processes in exterior C^'^ open sets when d > 3 that was previously established 
in [16] for any dimension d >2. 

The rest of the paper is organized as follows. In Section [2l we summarize some basic properties 
of relativistic stable processes and give the proof of the upper bound estimate in Theorem 11.21 In 
Section [3l we present interior lower bound estimates for in exterior open sets. Lower bound 
estimates for x, y) up to the boundary are established in Section U] for t < T/m and in Section 
[5] for t > T/m. The proof of Theorem 11.31 is given in Section [6l 

Throughout this paper, we assume that a G (0, 2) and m > 0. The values of the constants 
Ci, C2, C3 will remain the same throughout this paper, while ci, C2, • • • stand for constants whose 
values are unimportant and which may change from location to location. The labeling of the 
constants ci,C2, • • • starts anew in the proof of each result. The dependence of the constant c on 
the dimension d will not be mentioned explicitly. We will use ":=" to denote a definition, which is 
read as "is defined to be". We will use d to denote a cemetery point and for every function /, we 
extend its definition to d by setting f{d) = 0. We will use dx to denote the Lebesgue measure in 
W^. For a Borel set ^ C M'^, we also use |^| to denote its Lebesgue measure and a A := {ay : y £ A\ 
for a > 0. For two non-negative functions / and g, the notation f ^ g means that there are positive 
constants ci,C2 so that cig{x) < f{x) < C2g{x) in the common domain of definitions for / and g. 

2 Basic properties of relativistic stable processes 

A symmetric a-stable process X = {Xt,t > 0,¥x,x G M"^} in M'^, where d > 1, is a Levy process 
whose characteristic function is given by (jl.ip with m = 0. The Levy density of X is given by 
J{x) = j{\x\) = A{d, -a)|x|-('^+"), where 

A{d, —a) 



2l-a 7r'^/2r(l 
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Here F is the Gamma function defined by r(A) := /q°° ^dt for every A > 0. 

The Levy measure of has a density 



r^x) = f'{\x\)=A{d, -a)\x\-'^-''^{m^'''\x\) = j{\x\)^{m^'''\x\) 



where 



d + a 



d+a -1 £ r_ 

s 2 e i s ds, 



which is decreasing and a smooth function of satisfying tl^{0) = 1 and 

^{r) X (l){r) := e^'"(l + r('^+"-i)/2) on [0, oo) 



(2.1) 
(2.2) 

(2.3) 



(see [261 Lemma 2] and [TH pp. 276-277] for the details). 

Put J'^{x,y) := i'^dx — y|). The Levy density gives rise to a Levy system for X™, which 
describes the jumps of the process X™: for any x G M"^, stopping time T (with respect to the 
filtration of X™) and non-negative Borel function / on M+ X M'^ X with f{s,y,y) = for all 



y e 



Ex- 



^f{s,Xr_,X 



s<T 



r rT 



/(5,Xr,y)J™(Xr,y)dy 



(2.4) 



(See, for example, [HI Appendix A].) 

We will use p^{t,x,y) = p"^(t,x — y) to denote the transition density of X"^. From (II. ip . one 
can easily see that X"^ has the following approximate scaling property: for every 6 > 

{ft-^/" (X™/'' - X^^^) , t > o} has the same distribution as that of {X^ - X^, t > 0} . (2.5) 
In terms of transition densities, this scaling property can be written as 

p™(t, X, y) = 6'^/>™/''(6t, 6^/"y) for every t, 6 > 0, y G M.'^. (2.6) 
For any m, c > 0, we define a function ^ d,a.m,c{t-, x-, u) on (0, oo) x M'^ x M*^ by 
r^/" AtJ™(a;,y), 



d,a,m,c 



it,x,y) :-- 



Vt G (0,1/m]; 
c-^(m^/°|a;-y| Am^/^-il^^)) , Vt G (l/m,oo). 



^d/a-d/2^-d/2 

Using m Theorem 1.2], [10^ Theorem 4.1] and (|2.6p we get 

Theorem 2.1 There exist ci, Ci > 1 suc/i i/iai /or aZZ ?7t, > and {t,x,y) G (0, oo) X M"' X 



^1 ^ d,a,m,l 



/Ci{t,x,y) <p"'{t,x,y) < ci*d,„,m,c'i(*,3;,y). 



For any open set D, we use t^'' := mi{t > : X™ ^ D} to denote the first exit time from D 
by X"^, and X*"'^ to denote the subprocess of X"^ killed upon exiting D (or, the killed relativistic 
stable process in D with mass m). It is known (see [H]) that X"^'^ has a continuous transition 
density p']^{t,x,y) with respect to the Lebesgue measure. p]^{t,x,y) has the following scaling 
property: 

p'Bit, X, y) = 6'^/>™//'^(6i, 6i/"y) for every t, & > 0, x, y G I). (2.7) 
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Thus the Green function G^{x,y) := p]^{t,x,y)dt of X^'^ satisfies 

G^{x,y) = for every b>0,x,yeD. (2.8) 

We now introduce the space-time process := (14, X^), where Vs = Vq — s. The law 
of the space-time process s i— )• Z'^ starting from (t, x) will be denoted as p(*'^) and as usual, 
E(*'^)[-] = / •P(*'^)((ia;). 

We say that a non-negative Borel function h{t, x) on [0, oo) x M.'^ is parabolic with respect to the 
process X™ in a relatively open subset E of [0, oo) x R"^ if for every relatively compact open subset 
El of E, h{t,x) = E(*'^) \h{Z^m )1 for every {t,x) G Ei, where ff = inf{s > : ^ ^i}. Note 

L El j 

that p^(-, -,1/) is parabolic with respect to the process X"^ in (0,oo) x D. 

The following uniform parabolic Harnack inequality is an extension of \W\ Theorem 2.9] in that 
it is stated for all r > and m > instead of only for r E (0, ii] and m S (0, M]. Due to the 
recent result in [7], the following uniform parabolic Harnack inequality is an easy consequence of 
the approximate scaling property (|2.5p and the parabolic Harnack inequality [TJ Theorem 4.11]. 

Theorem 2.2 For M > and 6 G (0,1), there exists c = c{d,a,6, M) > such that for every 
m > 0, xo G M*^, to > 0, r > and every non-negative function u on [0, oo) x that is parabolic 
with respect to the process X™ on {to, to + 4(5(r" V m^/"~^r^)] x B{xo,4:r), 

sup u{ti,yi)<c inf 14(^2,2/2), 

(tl,J/l)6Q_ (t2,J/2)6Q+ 

w/iere Q_ = [to + '5(r" V jn^/^-V^), to + 2J(r" V m^/^-V^)] x B{xo,r) and Q+ = [to + 3(5(r" V 
m2/""ir2), to + 4J(r'^ V m^/"" V^)] x B{xo, r). 

We now prove the upper bound estimate in Theorem II. 2[ 

Proof of the upper bound estimate in Theorem 11.21 Without loss of generality, we assume 
M = 1/3 and T = 1. In view of Theorems 1 1.1( 1). we only need to prove the upper bound in Theorem 
11.21 for t > 3. By the semigroup property and Theorem I l.l( i). we have for t>3, 0<m<l/3 and 
x,y D, 

p'Bit,x,y) = [ [ p'Bil,x,z)p'B{t-2,z,w)p'B{l,w,y)dzdw 

JD JD 

< ci(lAfe(x))-/2(lAfo(y))°/V(t,x,y), (2.9) 

where 



dzdw. 



X — z 



By Theorem 12.11 and (|2.3p . there exists a constant yl > 16 such that for every t > 3 
f{t,x,y) 

f ( (hiA^^m^'''\x- z\)\ ^, ,1 , 1 6{A^^m^l'^\w -y\) \ , , 
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<C3 / p"'{l,A-^x,A-^z)p"'{t-2,A-h,A-^w)p"'{l,A-^w,A-^y)dzdw. 

Thus by the change of variables z = A~^z, w = A~^w and the semigroup property, we have that 

fit,x,y) < C4 [ p"'{l,A^^x,z)p"'{t - 2,z,w)p"'il,w,A-^y)dzdw 

= C4p'^{t,A-^x,A~^y). (2.10) 
Now using p.7p and Theorem 12.11 again . we conclude that for every m < 1/3 

p"'{t,A-'x,A''y) = A''p"'^~"{A%x,y) 

r'^/" Atj™(c6|x-y|), VtG[3,l/m]; 

This together with (j2.9p and ()2.10p establishes the upper bound estimate in Theorem 11.21 □ 

3 Interior lower bound estimates 

Throughout this section, we assume the dimension d > 1. We discuss interior lower bound estimates 
for the heat kernel p^{t,x,y) all t > 0. We first establish interior lower bound estimates for the 
heat kernel p^{t,x,y) of an arbitrary open set for all m > and t < T/m. 

Proposition 3.1 Suppose that D is an arbitrary open set in and T > is a constant. There 
exists a constant c = c{d,a,T) > such that for all m > 0, {t,x,y) G {0,T/m] x D x D with 
6d{x) Adoiy) >t^^'', we havep'g{t,x,y) > c A t J'^(x, y)). 

Proof. By \10\ Proposition 3.5], there is a constant c = c{d,a,T) > such that for m > and 
{t,x,y) e {0,T] X D X D with doix) Adoiy) > t^^°', we have p]y{t,x,y) > c(t-'^/° MJ^{x,y)). 
The conclusion of the proposition for general ?Ti > follows immediately from this and the scaling 
property (12. 7p . □ 



For notational convenience, we denote the ball -B(0, r) by B^. In the rest of this section, we will 
establish interior lower bound estimate on the heat kernel p'^c (t, x, y) for m > 0, i? > 0, t > T Im^ 
where T is a positive constant. To achieve this, we first establish some results for a large class of 
open sets which might be of independent interest. 

Lemma 3.2 For any positive constants T and a, there exists c = c{d, a, a,T) > such that for 
any t>T, 



Proof. This result is an easy consequence of [Tj Theorem 4.8]. In fact, by [71 Theorem 4.8] 



> 



B{y,aVt/2) 



> C. 



□ 



Lemma 3.3 Let a and T be positive constants. There exist Ci = Ci{d,a,T,a) > 0, i = 1,2, such 
that for all {t, x, y) G [T, oo) x D x D with 5d{x) A SD{y) > a\/t and \x — y\ > 2~^\ft, 

P. (^/'^ e B{^y. (a A 1)2-1 V^)) > _ ■ 

Proof. By Lemma 13.21 starting at z E (a A l)-v/t/4), with probability at least c\ = 

ci(d, a, T, o) > 0, the process does not move more than (o A \)^'^^\/t by time t. Thus, it 
is sufficient to show that there exist constants C2 = C2(d, a,r, a) > 0, z = 2,3, such that for any 
t > T and (x, y) G D X with \x - y\> 



: (x^'^ hits the baU B{y, (a A l)\/t/4) by time t) > C2 



^l+<i/2g-C3|x- 



\x - y\ 



d+a 



Let := ^(x, (aAl)6-iVt), := B{y, {aAl)6^^Vi) and 

■^i "^Bx' follows from Lemma 

13.21 that there exists C4 = C4{d, a, a,T) > such that 



Ex [t A T^] > t Px- (r^^ > t) > C4 1 for t > T. 
By the Levy system in (|2.4p . 

(^X^-^ hits the ball (a A l)Vi/4) by time 
> Px(^Mri e ^(2/' (« ^ l)^/*/4) and t A is a jumping time 



(3.1) 



tAr^ 



ji(X],u)(i'uds 



Since for any (z, n) G i?^ x we have 

\z-u\ < \z - x\ + \x - y\ + \y - u\ < (a A l)\/t/3 + \x - y\ < {1 + 2{a A 1)/3)|2; - y|, 
we get that 

/ J'{X^,u)du>C5\By\ 

J By 

Thus by ([HI]), 

^-ce\x-y\ 
y\ |a; _ 
^l+(i/2g-C6|a:-y| 



g-C6|a;-y| 

'^^^^'^ ^ ""^ ' — for every s < i A . 



\x — y\'^~^^ 



X^'^ hits the bah B{y, (a A l)Vt/A) by time tj > cyE^ A r^.] |B 

> C8 



□ 
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For an open set D C M.'^ and (Ai,A2) S (IjCc) x (0,oo), we say the path distance in D is 
comparable to the Euclidean distance with characteristics (Ai,A2) if the following holds for any 
r > 0: for every x,y in the same component of D with 6Dix) A 6o{y) > there is a length 
parameterized rectifiable curve / in D connecting x to y so that the length of / is no larger than 
\i\x — y\ and 5d{1{u)) > A2r', u G [0, |/|]. 

Clearly, such a property holds for all Lipschitz domains with compact complements and domains 
above graphs of Lipschitz functions. 

Proposition 3.4 Suppose that D is a domain such that the path distance in D is comparable to 
the Euclidean distance with characteristics (Ai,A2). For any positive constants a and T, there 
exists a positive constant c = c{d,a,T,a, Xi, X2) such that for all (t,x,y) G [7", 00) x D x D with 
6d{x) a doiy) > aVt and \/t > 2\x — y\, we have p\){t, x, y) > ct"*^/^. 

Proof. Let t > T and x,y £ D with 6d{x) A Soiy) > ci\/t and \/t > 2\x — y\. The assumption 
that D is a domain such that the path distance in D is comparable to the Euclidean distance 
with characteristics (Ai,A2) enables us to apply the parabolic Harnack inequality (Theorem 12. 2 p 
N = N{a, Ai, A2) times and to get that there exists ci = ci{d, a, T, a, Ai, A2) > such that 

p}j{t/2,x,w) < cip\){t,x,y) lor w £ B[x,2{a Al)y/i/3). 

This together with Lemma 13.21 yields that 

ph{t,x,y) > ^ / p]^{t/2,x,w)dw 

Ci \B{X, [a A l)Vt/2)\ J B{x,{aAl)Vt/2) 



> C2t~'/'F^ (-B(.,(aAl)v^/2) > > Cst^'^' 

where Cj = Cj(d, a, T, a, Ai , A2) > 0, z = 2, 3. □ 



Proposition 3.5 Suppose that D is a domain such that the path distance in D is comparable to 
the Euclidean distance with characteristics (Ai,A2). For any positive constants a andT, there exist 
constants Ci = Ci{d,a,a,T, Xi, X2) > 0, i = 1,2, such that 

lf,-C2\x-y\ 

PDit,x,y) > ci^3^p^ (3.2) 

for every {t, x, y) G [T, 00) x D x D with 8d{x) A Soiy) > a^/t and \x — > t/8. 

Proof. By the semigroup property, Proposition 13.41 and Lemma 13.31 there exist positive constants 
Cj = Cj(d, a, T, a), i = 1, 2, 3, such that 



PD{t,x,y) > / p}j{t/2,x,z)p]j{t/2,z,y)dz 

JB{y, (aAl)2-i(t/2)i/2) 

> cit-'^/X.(x^)f GS(y,(aAl)2-i(t/2)i/2)) > C2 '''"^ 



X — 



□ 
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Theorem 3.6 Suppose that D is a domain such that the path distance in D is comparable to the Eu- 
clidean distance with characteristics (Ai, A2). For any C*, a > 0, there exist ci = Ci{d, a, a, C* , Xi, X2) > 
0, i = 1, 2, such that for every t G (0, 00) and x,y ^ D with 5d{x) A Soiy) > ay/i, 

p]:){t, X, y) > cit~ exp ( j when C*\x — y\ < t < \x — yp. 

Proof. Fix C* > 0. Suppose that x, y are in D with 6d{x) A Soiu) > ci^/t and satisfy C*\x — y\ < 
t <\x — yp. For simphcity, let R := \x — y\. Note that t > (C*)^. 

By our assumption on D, there is a length parameterized curve I C D connecting x and y such 
that the total length |/| of / is less than or equal to Ai-R and doiliu)) > X2a\/i for every li G [0, |Z|]. 
Let A3 > max{4/(A2a^), (12Ai)^} and k the smallest integer satisfying k > X^R^ /t. (The integer k 
depends on t and R.) Then, since t G [C*R, R^], 

t ^ t _ ^ {t/R? ^ {C*? . . 

k-l + XsRyt t + A3i?2 - I + A3 - l + As' 



Let Xj = l{j\l\/k) and Bj := B{xj, y^t/k/8), j = 0,1,..., k. Note that, since X^a'^/A < A3 < 
X^R^/t < k, we have doixj) > X2a^/t > 2^tjk for each j. So we have Bj C D and for each 
y^B„ B{y,^)(lD. 

Observe that for {yj,yj^i) G Bj x -Bj+i, since A3 > (12Ai)2, 

IVj - yj+i\ < \xj - Xj+i\ + \yj - Xj\ + \yj+i - Xj+i\ < j + \y/t/k < + \Vt/k 

< + = {X^/y%+l/4)^ < ^/3. (3.4) 

Now using p.3p . (j3.4|) and Proposition 13.41 we get 

PD{t/k,yj,yj+i) > ci{t/ky^/'^, for every {yj,yj+i) G Bj x Bj+i. (3.5) 
Using (13. Sp and the fact k > X^R'^/t, we have 

p]j{t,x,y) > / ... / p\){t/k,x,yi) ...p\,{t/k,yk-i,y)dyi...dyk^i 

J B\ J Bi_i 

> ci{t/k)-'^''^Ii'l~l [ciS-'^\B{0,l)\(t/k)-'^/^{t/k)'^/^'^ = ci{t/kr'^/^ (ci8-^|S(0,l)| 

> C2{t/k)-^/''exp{-C3k) > C4r'^/2exp/^-^^^^ 



t 

□ 

Combining Theorem 13.61 with Propositions 13.41 and 13.51 we have the following lower bound 
estimates for p\){t, x, y). 

Theorem 3.7 Let a and T he positive constants. Suppose that D is a domain such that the path 
distance in D is comparable to the Euclidean distance with characteristics (Ai, A2). Then there exist 
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i = 1,2, such that for every R > 0, m > and {t, x, y) G [T/m, oo) xBfjXBf^ with &^c^[x) f\&^c^{y) > 

|2 



constants Ci = Ci{d,a,a,T, Xi, X2) > 0, i = 1,2, such that for every {t,x,y) G [T,oo) x D x D with 
6d{x) a Soiy) > a\/t, 

PD(i,x,y) > cit"'^/2g^p ^-C2(|x-y| A ^"^"^^ )^ . 

Observe that any exterior ball B'^ is a domain in which the path distance is comparable to 
the Euclidean distance with characteristics (Ai, A2) independent of the radius of the ball B. The 
following fohows immediately from Theorem 13.71 and the scaling property (|2.7p . 

Theorem 3.8 Let a and T be positive constants. Then there exist constants Ci = Ci{d, a, a, T) > 0, 
i = 1,2, such tl 

jq.Jt,x,y) > cim'^/"-'^/2^-'^/2 (^-C2(m^/"|x-j/| Am'/°-^ '^~^'' )^ 

4 Small time lower bound estimates 

In the remainder of this paper we will always assume that the dimension d > 3. The goal of this 
section is to establish the lower bound estimates in Theorem 1 1.2 1 for t < T/m, where T is a positive 
constant. 

Let G'^{x,y) be the Green function of X™. It follows from [25\ Theorems 3.1 and 3.3] that 
there exists c = c{d, a) > 1 such that 

c-\\x-yr'' + \x-y\'-'') < G\x,y) < c{\x - yr" + \x - y\^-''). 

Using this and (j2.8p we get that for every m > and x,y G W^, 

c-i(|x-y|"-'^ + 7n(2-«)/°|x-y|2-'^) < < c (|x - y]""'^ + m(2-")/"|2; - yp"'^). (4.1) 

For a Borel set A, we use to denote the first hitting time of A by X'"^ . Recall that we denote 
the ball B{Q,r) by Br. 

Lemma 4.1 There is a constant C2 = C2{d, a) > 1 such that for all R,m > 0, 

< < 00) < C2 ^^^7 ^ ( + m(2-°)/°|x|2-'^') for \x\ > 2R. 

Proof. For |x| > 2R, 

[_ G'"{x,y)dy^ f_ (|x-yr-'^ + m(2-")/"|x-y|2-'^)(iy xi2'^(|x|°~'^ + m(2-")/"|3;|2-'^). (4.2) 

JBr JBr 

On the other hand, for \z\ < R, 

I G''\z,y)dy^ l_ (|z-y|"-'^ + m(2-")/"|z-y|2-'^)dy x + m(2-")/"i?2^ 

JBr JBr 
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Thus, by the strong Markov property of X"^, for > 2R, 



[_ G"'{x,y)dy = eJ / G^fe. ,y)dy; a^^ < oo] x (i?" + m(2-")/"i?2)p^(^™^ < oo).(4.3) 

J Bji \_J Br R J 



Combmmg (I4.2p and (I4.3p . we arrive at the conchision of the lemma. □ 

The above lemma quantifies the transience of X"^ when dimension d > 3, which in particular 
implies that for a compact set K and a point x far away from the origin, with large probability the 
process started at x will never visit K. 

Lemma 4.2 Suppose that a and T are positive constants. There exist constants e = £{d, a, a, T) > 
and Li = Li(d, a, a, T) > 10^/" such that the following holds: for allR>0,m>0,t£ (0, T/m], 
\x\ > LiR and y G B{x, at^^"') n B%, 

Proof. Suppose that t G (0,r/m] and y G B{x,at^/") nS^. It follows from Theorem O that 
there exists ci = ci(T) > such that 

(xr G B{y, (t/2)V-)) > inf (x^ G B{0, {t/2)'/^) 



>ci inf / (t"'^/'' AtJ"'{z,w)) dz. 



w&B{0,at'^^") JB{0,(t/2)l/") 

Since for w G S(0,at^/°) and z G 5(0, t^/"), m^/^jz - u;| < m^/"((a + 1)*^/") < (a+l)Ti/", we 
have in view of (12.11) that 

t-'^/" A 'M^±}y^] dz 

(O.ati/-) JiJ(0,(t/2)i/-) \ \z-w\'^+°' I 



XT eB{y,{t/2fl^))>c^ inf / 



> C2 inf / ( 1 A —rrn: ) ^-^^ 



\W - 



>C3(a + l)-^-°|i?(0,(l/2)i/")|=:2e. 
Thus for X G M*^ and y G B{x, at^^"), we have 

P, (xr (t/2)^/")) = 1 - Px. (xr G (t/2)i/")) < 1 - 2e. (4.4) 



Since d>3,we may choose Li > 10"^/° so that C2(L^^'^ + L'^"'') < e. By Lemma El for all 
with Ixl > Lii? we have 



( < < ( < oo) < C2 ^,^jl),,^, (|xr-^ + 



< ^2 ( ^^-^7 ^Lr'^ + oL^i~'^ ] < CiiL^^"^ + L^r"^) < e. (4.5) 
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Hence, combining (j4.4p and (j4.5p gives 

> (r-gl > t) - P. (t/2)i/° 

> (1 -e) - (1 - 2e) = e. 



□ 



Lemma 4.3 Lei T > be a constant and Li = Li{d, a, 3, T) 6e i/ie constant in Lemma \4.^ There 
exists constant c = c(T,d,a) > such that for all m > 0, R > 0, t £ (0,T/m], x,y satisfying 
\x\ > LiR, \y\ > LiR with \x - y\ < we have p'^c {t,x,y) > ct"'^/". 

Proof. Assume without loss of gener ality that \y\ > \x\. If % (y) > (2t)Va, then 

> ^%iy) - k - yl > (2'/" - 6-V-)ti/- > ti/-, 

and hence the lemma follows immediately from Proposition 13.11 

Now assume 5-Q<^Jyy) < (2t)^/". Since t — 4:~^ 6-^<:^{y)°' > d-^c^{y)°' , by the semigroup property 
and Theorem 12.21 we have 



P^^{t,x,y) > [ pfc (4~%c{y)-,x,z)p:^. (t-i-'5T^c{y)-,z,y)dz 

> ciP. (^r-?4fe)'^ i?(y,8-V"<5^^(y))) - (4.6) 

Observe that |x — y| < 2\y\ = 2{6j^<:^{y) + R) < 3(5;g^(y), where the last inequality follows because 
\y\ > LiR > 3R implies &j^<^^{y) > 2R. Thus, y € B{x, 3(5-gc^(y)) n i?^ and Lemma HT2] gives 

(^r-'?4fe)'^ ^ i?(y,4-V.5^^(,))) > e. 

To bound the second term in (j4.6p . we let s := t — 3 • 8~^(5;gc (2/)° and note that s < t < T/m. 
Thus, by the semigroup property, the Cauchy-Schwarz inequality and Lemma 14.21 

P^^{s,y,y) > [ (p^c{s/2,y,z)Ydz 
|i?(y,(s/4)V")| 



The proof is now complete. □ 



Proposition 4.4 Let T > be a constant and Li = Li{d,a,3,T) be the constant in Lemma \4.^ 
There is a constant c = c{d,a,T) > such that for every m > 0, R > 0, t £ (0,T/m] and x,y with 
\x\ > LiR and \y\ > LiR, 

p^.Jt,x,y)>c(t-''l^htr{2\x-y\)) . 
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Proof. Let \x\ > LiR, \y\ > LiR and t G {0,T/m]. By Lemma 14.31 we only need to show that 

p^cJt,x,y)>ci{t~''/''Atr{2\x-y\)') when |x - y| > (i/e)^/". (4.7) 
Ut< 60-4"i?", 

Joc (x) A %c (y) > (Li - > (10^/" - l)R > 60^/" • 4R > t^/". 

Thus, by Proposition 13. H (|4.7p is true in this case. 

Now we assume that t > 60 • ^°'R'^. Since one of |x| and \y\ should be no less than \x — y\/2, 
we assume without loss of generality that \y\ > |x — y\/2. Let xq := x + {t/60y/°'x/\x\. Note 
that S(xo,(t/60)^/") C B%. Since \x - y\ > (t/G)^/", we get for every z £ ^(xo, (t/60)i/"/4), 
\x-z\ < |xo-z| + (t/60)^/" < (t/12)i/" and \z-y\ < \x-y\ + \x-z\ < \x-y\ + {t/12)^^°' < 2\x-y\. 
Moreover, 

Ss^iy) = \y\-R>l\x-y\- \{tm'/" > Im'/^ - \{t/60)'/^ > ^(t/6)i/" 

while for z e B{xo, i(i/60)i/"), we have \z\ > \x\ > LiR and 

6^c^{z) = |z|-i?>|xo|-|xo-z|-^(t/60)V" 

> \x\ + (t/60)i/° - ^(V60)^/° - ^(t/60)i/" > ^(t/60)i/". 

Let a = 4~°(60)~^. By the semigroup property. Proposition [3TT] and Lemma [4.3l there exist positive 
constants q = Ci{d, a, T) for i = 2,3, such that 



p^c {t, X, y) = _ p^c ((1 - a)t, X, z)p!^c {at, z, y)dz 

^ JB'r, ^ ^ 



> / p^c{{l-a)t,x,z)p^c{at,z,y)dz 

iB(xo,|(i/60)i/<^) V / 

> C3(t-"/°Atj™(2|x-y|)). 

This proves ()4.7p . □ 
We recall the following lemma from jl2] . 

Lemma 4.5 ( |12|, Lemma 2.2]) Xe< X,T,M be fixed positive constants. Suppose x,xq E M*^ sat- 
isfy \x - xo\ = AT^/". Then for all a G (0, M] and z G M.'^, 

j,-d/a ^ T(l){a\x-z\) _ ^ T(t){a\xQ- z\) 

\X - Z\<^+'^ \xq - Z\<^+'^ ' 

where the (implicit) comparison constants in ()4.8p depend only on d, a, M, A andT. 



14 



Theorem 4.6 Let T, M and R be positive constants. Suppose that D is an exterior C^'^ open 
set in with C^'^ characteristics (ro,Ao) and D'^ C B{0,R). Then there is a positive constant 
c = c{d, a, To, Ao, R, M, T) so that for all < m < M and {t, x, y) £ (0, T/m] x D x D, 

m.^'V) S <1 A ^y'^ (l A ^)"' A«(4™V-|, _„) 

Proof. Without loss of generality, we assume M = 1/3 and T = 1. By Theorem II .H we only need 
to show the theorem for t > 3. For x and y in D, let € M'^ be any unit vector satisfying x • w > 
and y ■ V >Q. Let Li = Li{d, a, 3, 1) be the constant given by Lemma 14.21 and define 

xo := X + LfRv and yo '■= U + LiRv. (4-9) 

Then |xoP = \x\'^ + {LjR)^ + ILj R x ■ v > {LjRf, and similarly, |yoP > (LfR)^. 

Using the semigroup property and Theorem ll.ll fi). for every m € (0, 1/3] and t G [3, 1/m] we 
have 

p'Bit,x,y) = [ [ p'B{hx,z)p^{t-2,z,w)p'B{l,w,y)dzdw 

JD JD 

> ci{lA6D{x)r/'{l/\SD{y)r^^fi{t,x,y), (4.10) 



where 



Mt,x,y) = [ (1 A SD{z)r/' I 1 A ) p^^t - 2, z, w)il A 



Dxd' ' V \x-z\'i+» ^ 

1 A -TT7-^ dzdw. 

|y;_y|rf+Q ; 

Note that by Proposition [Ol for z,w e B{Q,LiRY and t G [3, 1/m], 

p'B{t-2,z,w) >p^c^{t-2,z,w) > C2 (^(t-2)-'^/° A(t-2)j'"(2|z-u;| 

Since m < 3, the lower bound estimate in Theorem ll.l( i) and the above display together with 
Lemma 14.51 imply that 

fi{t,x,y) 

A/a 



> C3 



1 A 5n{z)r/' 1 A '^^"^ p^it - 2, ^)(1 A 5nHr^' 



\ ^ 0(mV"|^ - ,o|) \ ^^^^ 



(t - 2)-/" A - 2)r (2|. - f 1 A dzd^. 
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> C5 



Thus by the change of variables z = 2z, w = 2w, and Theorem 12. 11 we have that 

. f ( (?i(ml/"|2X0 -?|)\ rn, ^ 

JBiO,2LiRrxB{0,2LiRr \ l^^o - z\'^+'^ J 

A 2,o|)\ 
\^ \w- 2yo\d+» J 

> C7 Pb(o,2Li/?)=(1>2xo,z)pb(o,2Li/?)=(*-2,?,^ 

J B{0,2LiByxB{0,2LiR)'' 
■PB{0,2LiR)'^i'^^^^'^yo)dzdw 

= C7Ps(o,2Lii?)-(*'2xo,2yo). 
We conclude from p.7p and Proposition 14.41 that (recall that |xo|, |yo| ^ Li{LiR)) 

PB(o,2Li/?)4*>2xo,2yo) = 2-'^p^fo"^^«).(2-"t,rEo,yo) > cg (t"''/" A ti(4mi/"|rE - y| 
Combining the last two displays with (j4.10p completes the proof. □ 

5 Large time lower bound estimates 

The goal of this section is to establish the lower bound estimates in Theorem 11.21 for t > T/m, 
where T is a positive constant. For any y G M"^ \ {0} and any r > 0, we define 

H{y,r) := {z G B{y,r) : z-y>0}. 

Lemma 5.1 Let T > 0. There exist constants e = e{d,a,T) > 0, L2 = L2{d,a,T) > 3 such that 
the following holds: for all t > T , R > 0, x and y satisfying \x\ > L2R, \y\ > R and y G B{x, 9\/t), 

Xp^Gi/(y,^/t/2)) >e. 



Proof. It follows from Theorem 12.11 that there exist constants ci > and C2 > 1 such that 
eH{y,Vi/2)) > inf G Vt/2) 

^ weB{y,9Vt) ^ 



> ci inf / ^^^-^^^-i{t,w,z)dz. 

weB(y,9Vi) JH(v.hVi) ' ' ' ^ 



weB(y,9Vi) J Hiy,^Vi) 

If T < 1 and t G [T, 1] , then clearly 

Jnf / -i{t,w,z)dz 
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> C3 inf [ (1 A 1 dz > C4lO-'^-"|B(0, 1/2)|. 



w&B{y,9) J H(y,T) 

If t > 1, then 



inf / '^>, -.-i{t,w,z)dz 

weB{y,9Vt) J H{ylVt) ' 



2 

2 



> inf / t-'^/2exp(-C2^^]dz 

weBiy,9Vi) J Hiy,^Vi) 



>C5 inf / exp(-C2|z-'wp)fiz>C6e~^2io2|^^Q^;^/2)|. 

i"&B{y,9) Jniyl) 

Hence there is e e (0, 1/4) so that for any t > T, x e M'^ and y e B{x, 9\/t), 

V fc G //(y, . (5.1) 



Since d > 3, we may choose L2 > 3 so that C2(-^^2~"' + ^2~'') < ^- By Lemma El for all x with 
|x| > L2i?, we have 



P. (ri,^ <t)<P, (T",,, ,,, < ooj < C^-^p^dxl^-" + III"-") 

Combining (jS.ip and ()5.2p gives 

P:, (X,'''''^ G ^/t/2)) = P,. (rlc^ > t) - P^, (x,'''''^ H{y, Vi/2y, r^^ > 

> P. (rlc^ > t) - P. (X/ //(y, Vt/2)) 

> (1 - e) - (1 - 2e) = e. 

This proves the lemma. □ 



Lemma 5.2 Lei T > and L2 = L2{d,a,T/8) be the constant in Lemma l5.il There exists a 
constant c = c{a, d,T) > such that for allm>0, R>0,t>T/m and x, y satisfying \x\ > L2R, 
\y\ > L2R, \x -y\ < m^/^~^/"\/t/6, we have 

p^c{t,x,y) > cm'^/°-'^/2^-'^/2_ 

Proof. We first prove the lemma for m = 1. Assume without loss of generality that \y\ > \x\. If 
(5;g^(y) > \/t/2, then 5-^<^^{x) > ^^^^(y) — \x — y\ > \/t/3, and hence the lemma follows immediately 
from Theorem 13.81 

Now assume '5-g^(y) < Vt/2. By the semigroup property and Theorem 12.21 we have 
p^{t,x,y)> I p^c {t/2,x,z)p^c {t/2,z,y)dz 
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> CiP, « G H{y, (t/2)i/2)) pi f(t/2) _ 5^ (^)2,^,^) . (5.3) 



By LemmaOwe have P^(X^^/f ^ G i?(y, (t/2)i/2)) > 

Note that t > s := (t/2) — (y)2 > > T/A. Hence by the semigroup property, the 



Cauchy-Schwarz inequahty and Lemma |5. II 



f{3/,v^/2) 

Thus by (|5.3p we have (t, x, ?/) > c^t~'^/'^ . 

Now we consider the general case m > 0, |x — y| < m}^^~^^"'\/t/6, and t > T/m. We apply 
(|2.7p to the previous case and get 

□ 



Proposition 5.3 Let T > and L2 = L2{d,a,T / [IQ)) he the constant in Lemma \5.1\ There exist 
constants ci = ci{a,d,T) > and C3 = C3{a,d,T) > such that for all R,m > 0, t > T/m, and 
x,y satisfying \x\ > L2R, \y\ > L2R, 

(I 1 2 

-Cgfrn^/^lx - y| A „i2/"-i l^~^l ) 
t ' 

Proof. By Lemma 15.21 we only need to prove the proposition for |x — y| > gm^/2-i/ay^^ which 
we will assume throughout the proof. 

We first prove the lemma for m = 1. If t < {mUf , then > (^2-1)^ >2R> (30)"H^/2_ 

Thus, in this case, the lemma follows immediately from Theorem 13.81 

Suppose t>T\/ (60i?)^ and |x — y| < ^Vi- As one of \x\ and \y\ must be no less than \x — y\/2, 
we assume without loss of generality that \y\ > \x — y\/2. Let xq := x + 20~^\/tx/\x\ and observe 
that B{xo, 20-^ Vt) C B\^\ C B%. 

Since \x — y\ > we get for every z G B{xo, 20~^y/i). 

\x- z\ < \xo - z H Vt < —Vt < -Vt 2 

I i-iu I 20 ^-10 -6^' 

and ^ 

\z — y\ < \x — y\ + \x — z\ < \x — y\ + ^q"^ — ~ ^1' 

Moreover, since R < ^Vi, 

h^^iv) = 1^1 - ^ ^ ^1- - ^1 - ^ - = 
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and, for z G B{xq, BC"^)' 

[z] = \z\ — R> Ixnl — \xn — z\ Vt > \x\ H Vt Vt Vt > Vt. 

Bj,\ ) II - I ui I u I gQ V _ I I 20 ^ 60 60 60 

Thus by the semigroup property, Theorem 13.81 and Lemma 15.21 there exist positive constants 
Cj = Ci{d,a,T), i = 1, ... 3, such that 



p),c {t, X, y) = _ p^c (t/2, X, z)p],c {t/2, z, y)dz 



R 

> / p^c (t/2, X, z)p),c (t/2, z, y)dz 



60 ' 



> ci / (V2)-'^/2(V2)-''/' exp -C2{\z - 2/1 A ^-—^) dz 

> C3t-^/^exp(^-Ac2{\x-y\A^-^^^)y 

Now we consider the general case m > and t >T/m. We apply (j2.7p to the previous case and 



get 

p^Jt,x,y) = m'^/"p^(Q^^i/„^),(mt,mi/°x,m^/"y) 

/ I 1 2 



□ 



Theorem 5.4 Suppose that M, T, R are positive constant, and that D is an exterior C ' open 
set in M'^ with C^'^ characteristics (ro,Ao) and D'^ C B{0,R). There exist positive constants 
Ci = Ci{d, a, ro, Aq, R, M, T), i = 1,2, such that for allO < m < M and {t, x, y) G \T /m, oo) xDxD, 

PD{t,x,y) 

Proof. Without loss of generality, we assume M = T = 1. By Theorem 14.61 we may assume 
t > 3/m. For x and y in D, let v & be any unit vector satisfying x ■ v > and y ■ v > 0. Recall 
that Ci is the constant in Theorem 12.11 and that C3 = 6*3(0, d,!) is the constant in Proposition 
[Ql Let A := 4 V (C1C3) and L3 := L2{d,a, (16)-i) V L2((i,a, (16)-^^-"), where L2 is given by 
Proposition 15.31 Define 

xq := x + m~^^°^ L^Rv and yo '■= y + m~^^"L'^Rv. 

Then 

|xop = + m-2/°(L2/?)2 + 2m-i/"L^i?x • v > {m-^l'^LlRf > {LlRf , 
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and similarly, |yoP ^ (^i^)^- By the semigroup property and Theorem l4.6l for every t S (3/m 

p'S{t,x,y) = p'B{l/m,x,z)p'g{t-2/m,z,w)p'B{l/m,w,y)dzdw 
Jd Jd 

> ci (1 A a SD{y)r/^fi{t,x,y), 

where 

= / (1 A 5n{z)r/' A - ^1) ^ _ 2,,,^) 

JDxD \ \^ z\ I 



By Proposition 15.3^ for z,w £ B(0, L-^RY and t G (3/m, oo) (note that t — 2> 1/m), 

- 2/m,z,u') >p^c^{t-2/m,z,w) 

> C2m'^/"^'^/^(t- exp f-C3(m^/"|z - w| Am^/""^ *^ ~ ""^M . 

\ t — 2/m J 



Moreover, since 



we have by Lemma 14.5 



rf/^ ^ _i,/.(4mi/°|x-zn / ^ _i</.(4mi/"|xo-z|) 



and 

Since m < 1, the upper bound estimate in Theorem II. If i) and (|5.5|) - (j5.7|) imply that 
/i(*,2;,y) 



> C2 / (1 A 5z,(z))"/2 m-^/" A ',1~''M m'^/"-'^/2 

\ t — 21m' ) 

(I 1 2 

-C3(m^/"b - u;| A yn^/"^^ '^"""' ) 
i — 2/m 
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\ |u;-yo|'^+" I 

Recall A = Ay (C1C3). By the change of variables z = Az, w = Aw, and Theorem 12.11 we have 
that 

fi{t,x,y) 



> C5 / p/"Am'^ ^^"f"'"^!°:^'^ V^/"-'^/^ 
J B{0,ALiRY^B(0,AL3RY \ \Axq - z\ / 



• m'^/" A m-^-\^^ — — dzdw 



\z — {Dp - 



t - 2/m- 



\w - AyQ\'^+'^ j 



> cq p"\l/m,Axo,z)p'^{t -2/m,z,w)p'^{l/m,w,AyQ)dzdw 

J B{0,AL3RyxB{0,AL3RY 



> C6 / p^(o^^^),(l/m,A2;o,%B{o,AL3iJ)-(*-2/™>^» 

J B{0,AL3RYxB{0,AL3RY 

■f'B(o,AL3R)'= (1/"^' ^' Ayo)dzdw 

= C6PB(o,AL3i?)-(*'^a;o,Ayo)- 

Now using (j2.7p and Proposition 15.31 again (recall that |xo|, |yo| > -^^3(-^3^)), we conclude that 
PmAL3RA^^^^o,Ayo) = A-'^p^(^"^3^),(A-"i,xo,yo) 

> C7m'^/-^/2t-^/2 exp (^-C8(Ami/-|x - y| A AV^/""!^"^^)^ 

> C7m'^/-^/2^-"/2^xp (-C9(mi/"|x - y| Am^/""!^^; 
Combining the last two displays with (|4.10p completes the proof. □ 

Proof of the lower bound estimate in Theorem 11.21 The lower bound estimate in Theorem 
11.21 now follows from Theorems ll.l( i) , 14.61 and 15.41 This completes the proof of Theorem 11.21 □ 



6 Green function estimate 

In this section, we present a proof of Theorem 11.31 
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Proof of Theorem 11.31 In view of the scaling property (j2.8p of G^, we may and do assume 
that M = 1/2. Throughout this proof, m S (0, 1/2]. It follows from Theorem 1 1 . 2 1 that there exists 
Ci > 1, i = 1, 2, such that for every m G (0, 1/2], t > and {x, y) £ D x D, 

Pnit, X, y) < ci (l A (l A ^,,a,m,i,c, (t, X, ,) 

and 

p^it,x,y) > (l A r^f^y ' (l A ^^y\,^^^^^,^,/^^{t,x,y). 
For any c > 0, define 

Then it suffices to show that 



x-y| V |x - y| A ly y |x-y|Al 

Without loss of generality, we will assume c = 1 and denote Ji simply by J. 
Using a change of variable, we see that 

J = /i + (1 A SD{x)r^^ (1 A [hilx -y\)+ ?n'^/-i/3(mi/"|x - yj)) 

where 



tV" J {'^^ tV- J y \x-y\'i+^ 

h{r) := r'^l- A ^^^S^rft and h{r) := r'/'e-^^^^'/'Ut. 

Note that for every a £ [0, oo) 





Thus for r G (0, 1] 

2 2 



d- 2' 



while for r > 1, 

/•I /'OO 
/"OO 



Thus we have 

„2-d 



/3(r) X 1 Ar^-'*. (6.1) 
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Noting that m S (0, 1/2], so when m^^'^r < 1, 

"l/m / J. \ i-r^Vl f j-l/m 



h{r) 



fl/m / J. \ f-r^Wl M fl/m 

^ V 1)^ - 1) + ^ V i)-'^/" - n^'^/-^) 

lAr°-'^. (6.2) 



If m}/°'r > 1, then 



/l/m / J. — m-'-''"r\ 



and a change of variable s = tm gives 

(i) Suppose m^/°|a; — y| < 1. Since (/)(m^/°|3; — y|) x 1, it follows from [SJ (4.3), (4.4) and (4.6)] 
that 



h 1 71 — 1 A , ' , 1 A 

F - yr " V \x-y\J V F - y| 



Thus, we have by (j6.ip and (j6.2p that 



2; _ y|d a \^ ^x — y\J \ \x — y\ 



+ (1 A «d(i))'"" (1 A SD(y)r''- (l A ' + .n"/"-' 



lA, ^"'r'.rflA, ^°'f',r. (6.4) 



a \^ |x — y| A 1/ \ |x — y| A 1 
We have arrived the last display above by considering the cases ja; — y| > 1 and |a;— y| < 1 separately, 
(ii) Suppose m^^'^\x — y\ > 1. For < t < 1, we have < mt < 1/2 and so 

(^~d/a ^ ^0(m^/"|x-y|) \ ^ (,^^^yd/a ^ {mt)^{m^/'^\x - y\) \ ^ t(/>(mV°|x - y|) 

Thus by the change of variable u = - — p— , we have 

<A(mV"|x-y|) r\( 5D{x)y'^ ( 5D{y)y'\. 

Jl^-ylc. I |x-y|"/2 M |x-y|"/2 i ^ ^ 
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Note that since \x-y\> mT^!'^ > 2^/°, 



I 1 A I I 1 A I du 



Ix-yl': 



"/2 / \ °/2 



V F-y|y V \^-y\J 



Thus it follows from (|6.5|) that 

"/2 / X^f..\ \"/2 



\x -y]"^ \ \x-y\J V F - y|/ 
0(1) m 
k - y| 



< #%£(lAfe(x)^/^(lA5,,(y)r/^ (6.6) 



where in the last inequality, we used the assumption m^/°'\x — y\ > 1. Recalling m G (0, 1/2], we 
thus have by (^J^, ([63]) and ([62]) that 

/ p-ml/"|a;-y| 2/a-l \ 



d-2 



(m^/^lx — ?/|)2|x — yl*^"" |x — yl 

(1 A sM^r^ (1 A ..(.))"/^ ( (^v.iri^)i;:-,i.-. + 



"/2n aa.^aW2 



(lA5^(x))"/2(lA5z)(y)) ,^ 



a \y \x — y\AlJ \ |x — y|Al_ 

This combing with (j6.4p completes the proof of the theorem □ 



References 

[1] M.T. Barlow, R.F. Bass, Z.-Q. Chen and M. Kassmann: Non-local Dirichlet forms and sym- 
metric jump processes. Trans. Amer. Math. Soc. 361 (2009), 1963-1999. 

[2] K. Bogdan, T. Grzywny and M. Ryznar, Heat kernel estimates for the fractional Laplacian 
with Dirichlet conditions. Ann. Probab. 38 (2010), 1901-1923. 

[3] R. Carmona, W. C. Masters, B. Simon: Relativistic Schrodinger operators: asymptotic be- 
havior of the eigenfunctions. J. Fund. Anal. 91(1) (1990), 117-142. 



24 



[4] Z.-Q. Chen: Symmetric jump processes and their heat kernel estimates. Sci. China Ser. A, 52 
(2009), 1423-1445. 

[5] Z.-Q. Chen, P. Kim and T. Kumagai: Weighted Poincare inequahty and heat kernel estimates 
for finite range jump processes. Math. Ann. 342(4) (2008), 833-883. 

[6] Z.-Q. Chen, P. Kim and T. Kumagai: On heat kernel estimates and parabolic Harnack in- 
equality for jump processes on metric measure spaces. Acta Math. Sin. (Engl. Ser.) 25 (2009), 
1067-1086. 

[7] Z.-Q. Chen, P. Kim and T. Kumagai: Global heat kernel estimates for symmetric jump pro- 
cesses. Trans. Amer. Math. Soc. 363 (9) (2011), 5021-5055. 

[8] Z.-Q. Chen, P. Kim, and R. Song: Heat kernel estimates for Dirichlet fractional Laplacian. J. 
European Math. Soc. 12 (5) (2010), 1307-1329 

[9] Z.-Q. Chen, P. Kim and R. Song: Two-sided heat kernel estimates for censored stable-like 
processes. Probab. Theory Relat. Fields 146 (2010), 361-399. 

[10] Z.-Q. Chen, P. Kim and R. Song: Sharp heat kernel estimates for relativistic stable processes 
in open sets. Ann. Probab. (to appear). 

[11] Z.-Q. Chen, P. Kim and R. Song: Green function estimates for relativistic stable processes in 
half-space-like open sets. Stoch. Proc. Appl. 121 (2011), 1148-1172. 

[12] Z.-Q. Chen, P. Kim and R. Song: Global heat kernel estimate for relativistic stable processes 
in half-space-like open sets. Potential Anal, (to appear). 

[13] Z.-Q. Chen and T. Kumagai: Heat kernel estimates for stable-like processes on d-sets. Stoch. 
Proc. Appl. 108 (2003), 27-62. 

[14] Z.-Q. Chen and T. Kumagai: Heat kernel estimates for jump processes of mixed types on 
metric measure spaces. Probab. Theory Relat. Fields 140 (2008), 277-317. 

[15] Z.-Q. Chen and R. Song: Drift transforms and Green function estimates for discontinuous 
processes. J. Funct. Anal. 201 (2003), 262-281. 

[16] Z.-Q. Chen and J. Tokle: Global heat kernel estimates for fractional Laplacians in unbounded 
open sets. Probab. Theory Relat. Fields 149 (2011), 373-395. 

[17] C. Fefferman and R. de la Llave: Relativistic stability of matter-I. Rev. Mat. Iberoamericana 
2 (1986), 119-213. 

[18] T. Grzywny and M. Ryznar: Two-sided optimal bounds for Green functions of half-spaces for 
relativistic a-stable process. Potential Anal. 28 (3) (2008) 201-239. 

[19] I. W. Herbst: Spectral theory of the operator (p^ -|-m^)'^/^ - Ze'^/r. Comm. Math. Phys. 53(3) 
(1977), 285-294. 

[20] P. Kim: Relative Fatou's theorem for (— A)°/^-harmonic function in K-fat open set. J. Funct. 
Anal. 234(1) (2006), 70-105. 



25 



[21] P. Kim and Y.-R. Lee: Generalized 3G theorem and application to relativistic stable process 
on non-smooth open sets. J. Fund. Anal. 246(1) (2007), 113-134. 

[22] T. Kulczycki and B. Siudeja: Intrinsic ultracontractivity of the Feynman-Kac semigroup for 
relativisitic stable processes. Trans. Amer. Math. Soc. 358 (2006), 5025-5057. 

[23] E. H. Lieb: The stabihty of matter. Rev. Modern Phys. 48(4) (1976), 553-569. 

[24] E. H. Lieb and H.-T. Yau: The stabihty and instability of relativistic matter. Comm. Math. 
Phys. 118(2) (1988), 177-213. 

[25] M. Rao, R. Song and Vondracek: Green function estimates and Harnack inequahty for subor- 
dinate Brownian motions. Potential Anal. 25 (2006), 1-27. 

[26] M. Ryznar: Estimates of Green function for relativistic a-stable process. Potential Anal. 17(1) 
(2002), 1-23. 

Zhen-Qing Chen 

Department of Mathematics, University of Washington, Seattle, WA 98195, USA 
E-mail: zqchenSuw . edu 

Panki Kim 

Department of Mathematics, Seoul National University, Building 27, 1 Gwanak-ro, Gwanak-gu 
Seoul 151-747, Republic of Korea 
E-mail: pkim@snu.ac.kr 

Renming Song 

Department of Mathematics, University of Illinois, Urbana, IL 61801, USA 
E-mail: rsongOmath . uiuc . edu 



26 



